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Abstract 

We define two decreasing nitrations by ramification groups on the absolute Galois group of a 
complete discrete valuation field whose residue field may not be perfect. In the classical case where 
the residue field is perfect, we recover the classical upper numbering filtration. The definition uses 
rigid geometry and log-structures. We also establish some of their properties. 

1 Introduction 

Let K be a complete discrete valuation field, and let G be the Galois group of a separable closure 
£1. Classically the ramification filtration of G is defined in the case where the residue field of K 
is perfect (|l2|, Chapter IV). In this paper, we define without any assumption on the residue field, 
two ramification decreasing nitrations of G and study some of their properties. Our first filtration, 
(G a )a£Q >0 , satisfies the following properties: 

(i) for a rational number < a < 1, G a is the inertia subgroup of G; 



(ii) G 1+ = U a >iG a is the wild inertia subgroup of G; 

(iii) it is stable by unramified extensions of K; 

(iv) it coincides with the classical upper numbering ramification filtration shifted by one, if the residue 
field of K is perfect. 

When the residue field of K is perfect, the classical ramification filtration is stable by tame base 
change of K, in the sense of (iii') below. In general, our ramification filtration (shifted by —1) is not 
stable by tame base change. We define a second filtration of G, the logarithmic ramification filtration 
(Gf og ) ae Q >0 , that has this property. It satisfies the following: 

(ii') G lo ^ = l J a >oGf og is the wild inertia subgroup of G; 

(iii') let K' be a finite separable extension of K of ramification index m, contained in f2. We identify 
the Galois group Gk 1 = G&l(Q/K') with a subgroup of G. Then, we have G^? log C G° og , with 
equality if K'/K is tamely ramified; 

(iv') it coincides with the classical upper numbering ramification filtration, if the residue field of K is 
perfect. 

We prove that both filtrations are left continuous and their jumps are rational. More precisely, for 
a real number a > 0, we put G a+ = [j b>a G b and G a ~ = Plfc< a where b denotes a rational number. 
Then G a ~ = G a if a is rational, and G°~ = G a+ if a is not rational. The same result holds true for 
the logarithmic filtration. 

In classical ramification theory, the following results play an important role: 

1) the graded pieces (G a /G a+ , for a G Q>i) are abelian and killed by the residue characteristic of 
Ok. 

2) the Hasse-Arf theorem. 
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Towards the first problem, we give a geometric interpretation of the graded pieces of our first rami- 
fication filtration. In a forthcoming paper, we will investigate the second problem by comparing our 
theory with Kato's ramification theory for rank one Galois characters jlO| . 

In the following, we describe our constructions in more detail. Let C be the Galois category of finite 
etale extensions of K, equipped with its fiber functor !F(L) = Honiff(L, The idea is to construct 
directly the functor T a (V) = J r (L)/G a , before defining G a . Let Ok be the valuation ring of K, O 
be the integral closure of Ok in £1, and for a rational number a > 0, let ir a € O be an clement of 
valuation ordi<-(7r a ) = a. For a finite separable extension L of K with valuation ring Ol, we have 

T(L) = lim Rom OK {0 Ll O/ir a O). 

a€Q>a 

Roughly speaking, we define T a (V) as the set of connected components of Homo K (Ol, 0/n a O) for 
some topology. More precisely, let Z be a finite system of generators of Ol over Ok, and let Iz be 
the kernel of the surjection Ok\X\, . . . ,X n ] — > Ol- Let D n be the n-dimensional closed polydisc of 
radius one. For a rational number a > 0, we define the A'-affinoid variety 

X a z = D n (\n\- a f: felz), 

as an affinoid sub-domain of D n . The set of its fi-valued points is given by 

X a z (Q) = {(x u ...,x n )e O n ; ord K f(x u ...,x n )>a for all / G I z }. 

The natural map X Z (D,) — > Horno^ (Ol, 0/w a O) is surjective, and its fibers are discs. Hence, we 
define J- a (L) as the set of geometric connected components of X z . We will show that the latter 
does not depend on Z . We construct the group G a from the functor T a by general Galois theory. 
Concretely, if L is a finite Galois extension of K contained in f2, G(L/K) is the Galois group of L/K, 
and (G(L/ K) a ) a £Q >0 is the quotient filtration of (G a ) ag Q >0 , then there are canonical isomorphisms 

T a (L) ~ G(L/K)/G(L/K) a . 

We develop also logarithmic analogues of these constructions. 
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Notation. For a finite separable extension L of K, we denote by Ol, vcil, L, ttl and Vl, respectively, 
the valuation ring, its maximal ideal, the residue field, a uniformizing element, and the normalized 
valuation of L. The integral closure of Ok in ^ is denoted by 0, and its residue field by O. We denote 
by v the unique extension of vk to f2, and define an ultra-metric norm on n by |x| = 6 v{ - x \ where 
< 8 < 1 is a real number. We fix a uniformizer it of Ok- By abuse of notation, 7r a denotes an 
element of O of valuation v(ir a ) = a. 

For a positive integer n, the n-dimensional closed polydisc of radius one is denoted by D n . For a 
finite set / of cardinality n, we put D 1 = D n , where the natural coordinates are indexed by /. For a 
rational number a > 0, the n-dimensional closed polydisc of radius a is denoted by D n ^ a \ 



2 Filtration on Galois categories 

Let (C,^ 7 ) be a Galois category. Namely, there exits a profinite group G such that the fiber functor T 
from C to the category of finite sets is an equivalence between C and the category of finite sets with 
continuous G-actions Q. 

Proposition 2.1 Let J- 1 be a functor from C to the category of finite sets with continuous G-actions, 
that commutes with finite disjoint unions. Let J- — > T' be a morphism of functors satisfying the 
following properties: 

1) J~(X) — > J-'(X) is surjective for any object X in C; 

2) for any morphism X — > Y such that F{X) — > F(Y) is surjective, the following diagram is 
cocartesian 

T{X) *-F'{X) 



T{Y) ^ P(Y) 

Let C be the full- subcategory of C of objects X such that T{X) — > J-'(X) is bijective. Let N be the 
intersection of the kernels of the actions of G on 3-{X) for X in C . Then, (C',J-\c<) is a Galois 
category of group G/N . Moreover, for any object X of C, we have !F'{X) — J-(X)/N. 

Proof. The properties of Galois categories (cf. jllj chapter IV) for (C, T\c) follow from those of (C, J-) 
and the following : 

a) C is stable by finite fiber-products; 

b) C is stable by finite disjoint unions; 
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c) let X — > Y be an effective epimorphism in C. If X is an object of C , then Y is an object of C 

Condition b) follows from the commutativity of T' with finite disjoint unions, and condition c) is a 
consequence of 2). We prove that condition a) is satisfied. Let X — > Z and Y — » Z be morphisms in 
C We have a commutative diagram 

T(X x z Y) 1 >T\X x z Y) 

i 

F{X) x H z) T(Y)^^r(X) x F , (z) T'(Y) 

Since i and g are bijective and / is surjective, then the map / is bijective. The statement that G/N 
is the Galois group of C is obvious. 

Let X be an object of C, and let Y be the object given by T(Y) = T'(X). Assumption 2) implies 
that T{Y) ~ T'{Y). Hence Y is an object of C, and N acts trivially on T(Y) = T'{X). We deduce 
a surjective map ip : T(X)/N T'{X). Let Z be the object of C given by T{Z) = T{X)/N, and 
let if) : ^F'(X) —> J-'(Z) = T(X)/N be the canonical map. We have rp o ip = id. So 95 is injective, and 
therefore bijective. □ 

Remark 2.2 If we replace in Proposition |2.l| property 2) by the following weaker property: 

2') let X — > Y be a morphism such that J-(X) — » ^(V) is surjective. If ^"(X) — > !F'{X) is bijective, 
then ^(F) -> ^'(F) is bijective; 

then we still have (C ,T\c>) is a Galois category of group G/N, but we may have T'{X) ^ T(X)/N. 



Definition 2.3 A filtration of the fiber functor T is given by the following data : 

a) for each rational number v > 0, a functor T v from C to the category of finite sets with continuous 
G-actions, that commutes with finite disjoint unions, and a morphism of functors ip v : J- — > T v 



satisfying properties 1) and 2) of Proposition 2.1 



b) for each rational numbers v > w > 0, a morphism of functors tp™ : T v — > T w such that 
p w = tp™o<p v . 

The filtration is said to be separated if the morphism of functors 



T — > lim r° (1) 

ueQ> 



is an isomorphism. 



A filtration of the fiber functor T defines a decreasing filtration by closed normal subgroups of 
the Galois group G, and vice versa. The filtration of the fiber functor is separated if and only if the 
filtration of the group is separated. 



3 The main constructions 

Let C be the category of finite etale schemes over Spec(i"Q. The functor T from C to the category of 
finite sets which maps X to T{X) — X(Q), makes C into a Galois category of group G = Gal(Q/K). 
Using the results of the previous section, we define on G two separated nitrations which generalize the 
filtration by higher ramification subgroups for local fields with perfect residue fields. 
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3.1 The non— logarithmic construction 



Let A be a finite flat Ok -algebra, let Z = (zi, . . . ,z n ) be a system of generators of A as an 0R--algebra, 
and let Iz be the kernel of the surjection Ok[X±, . . . ,X n ] — > A. For a rational number a > 0, we 
define 

X% = D n (6- a f; f £ I z ). 

It is an affinoid sub-domain of D n since X% — D n (6~ a fi, . . . , 9~ a f m ) for a finite system (/i, . . . , / m ) 
of generators of Jz. The collection of these affinoid varieties satisfies the following properties : 

(i) If L = A ®o K K i s etale over K, by identifying a homomorphism tp : L — > 57 with the point 
((^(21), . . . , ip(z n )), the finite set .F(L) = Homx(i, 57) is a subset of X^(fl). 

(ii) If b > a are rational numbers, then X h z is an affinoid sub-domain of X%. 

(iii) Let B be a finite flat Ok -algebra, and let u : A — > _B be a morphism of 0R—algebras. Let 
Z' = . . . , z' n i) be a finite system of generators of B/Ok, and let v : {1, . . . , n} — ► {1, . . . , n'} 
be a map satisfying u(zi) = 2^/^. Then, the morphism D" — > D n given by (x\, . . . ,x n >) 1— > 
(aVl), ■ ■ ■ , aVn)) induces a morphism X^, — > JQ. 

By (iii) above, the collection (X%), where Z runs over the finite systems of generators of A/Ok, forms 
a projective system. Let tto(X^) be the set of geometric connected components of X% with respect to 
either the weak or the strong G-topology (see M 9.1.4/8). 

Lemma 3.1 The projective system (ttq(X^))z is constant. 

Proof. It is enough to prove that tto(X^,) ~ tto(X^), when Z' = (Z,t) and t £ A. Let g £ 
Ok[Xi, . . . , X n ] be a lifting of t, and A = Ok[X%, . . . ,X nt T]/Iz< be the presentation associated 
with Z'. If I z = (/!,..., f m ), then J z , = (A, . . . , f m , t-g). Therefore, X%, ~ Xg x D 1 ^ ) and the 
morphism of (iii) is the first projection. □ 

We put T a (A) = Um7r (X|). 

Lemma 3.2 i) Let a > be a rational number, and by abuse of notation let ix a £ O be an element 
of valuation VK{^ a ) = a. Then, the map Xj|(f2) — » Homo K (A, 0/n a O) sending (x% , . . . , x n ) to the 
homomorphism defined by Zi 1— > Xi(mod 7r 0), is surjective and its fibers are discs. 
ii) TTie natural map {J a>0 X^(fl) — » Hornet (A, f2) induces a bijection 

lim J 70 (A) — > Homo* (AO) < 

a£Q >0 

Proof. Obvious. □ 

The definition of X% may be explained more geometrically as follows. We put X = Spec (A). Then 
the system Z of generators defines a closed immersion iz : X — > Aq . In the commutative diagram 

F{L) = £(Q) »- ^ A n (0) 



X{0/n a O) *- A n (0/TT a O) 

the square is Cartesian and the fibers of the vertical maps are discs. 

Let X = Spec(L) be an object in C and Ol be the normalization of Ok in L. We associate with X 
the set T a {X) = T a {O h ). We easily check that if X = H[ =1 Spec(L;), then T a {X) = W i=1 T a {0 Li ). 
By (iii) above, T a is a functor from C to the category of finite sets with continuous G-actions. By (i) 
and (ii) above, we have natural morphisms of functors T —* T a and T h — > T a , for rational numbers 
b > a > 0. 
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Theorem 3.3 The projective system (T a ,T — > •? ra )aeQ > o * s a separated filtration of the fiber functor 
T. 

Definition 3.4 The filtra tion (G a ,a G Q>o) o/ ifte Galois group G, induced by the filtration of the 



fiber functor T of theorem ^3 and extended by G° = G, is called the ramification filtration. 



Remark 3.5 Let L/K be a finite separable extension. By Proposition 2A and Theorem |3.3| , T a (L) = 
J-(L)/G a for any rational number a > 0. In particular, if L is a finite Galois extension of K contained 
in f2, G(L/K) is the Galois group of L/K, and (G(L/K) a ,a G Q>o) is the quotient filtration of 
(G a ,a G Q>o), then there are canonical isomorphisms T a (V) ~ G(L/K)/G(L/K) a , for all rational 
numbers a > 0. 



Definition 3.6 for a reaZ number a > 0, we put G a+ = U&> a < -"' b a7 ^ = Hfxa ^ > where b 
denotes a rational number. 

Proposition 3.7 1) For a rational number < a < 1, G a is the inertia subgroup of G, and G 1+ is 
the wild inertia subgroup. 

2) Let K' be a finite separable extension of K contained in Q, of ramification index m. We identify 
the Galois group Gk> = Gal(Q/K') with a subgroup of G. Then, for a rational number a > 0, we have 
G^f C G a , with equality if K' / K is unramified. 

3) // the residue field of K is perfect, then the filtration (G°) ae Q >0 coincides with the classical upper 
numbering ramification filtration shifted by one. 

Theorem 3.8 The ramification filtration is left continuous and its jumps are rational, i.e., for a real 
number a > 0, we have G a ~ = G a if a is rational, and G a ~ — G a+ if a is not rational. 

3.2 The logarithmic construction 

Let L be a finite separable extension of K . A logarithmic system of generators of Ol over Ok is a 
triple (Z,I,P) where Z — (zi)igj is a finite system of generators of Ol as an O^-algebra and P is 
a subset of I such that the set {z^.i G P} contains a uniformizcr of Ol and does not contain the 
zero element. Let (Z,I,P) be such a system, e be the ramification index of L/K, and for i 6 P, 
ej = vl(zi). Let Ol = OK\{^~i)i^i\l lz be the presentation associated with Z and (/i, . . . ,f m ) be a 
finite set of generators of Iz- For i G P, we choose gi G OK\{^i)i^i\ a lifting of the unit ui = zf/ir ei . 
For (i,j) G P 2 , we choose G Ok [(^i)iel] a lifting of the unit Uij — z^/z^ . Let a > be a 
rational number. We define 

/ e- a fi VI < l < m \ 

YSp=D I \ e- a -^{Xf -ir e *g z ) Vz G P (2) 

V 0-«-<W e (X« - Xf'fcw) V(i, j) G P 2 / 

as an afRnoid sub-domain of D 1 . Obviously, this definition does not depend on the choice of the /; 
and the gt. It does not depend on the choice of the hi j because for any G Y£ P (fl) and ieP, 

we have VL(xi) > e%. 

Lemma 3.9 1) Let g G OK[{Xi)i^i] and x G X|(f2). If g G Iz then v(g(x)) > a, and if the image of 
g in Ol is invertible then g(x) is a unit in O. 
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2) Let l G P be such that z L is a uniformizer of Ol, and put g = g b and hi — h L ^ for i G P. Then, 

/ e- a fi \/l<l<m \ 
Y§ >P =D I \ 6~ a ~ 1 {Xf — ng) (3) 

V 6- a - ei / e (Xi - X«hi) Vi G P J 

Moreover, for any (xi)jgi G Y£ P (f2) and i G P, we have VL,[Xi) = e,. 

Proof. 1) is obvious. 2) We put fcj = /ij it for i € P. We may assume that = /if<? e * and hij = h^k^ 3 
for any G P 2 . We denote by Y the right hand side of (||). Let x = (xi) ie i G F(fi). By 1), we 
have v(g(x)) — and v(hi(x)) = for any i G P. It follows that ul(^i) = e< for any i G P. Let i G P. 
We have X, = xf i (hi(x) + ir a *) (where * stands for an element in O). Therefore, 

x\ = xT'{h l {x)+n a *f = ir e >(g{x)+ir a *) e >(h. l (x)+ir a *) e 
= -K^{g{x)^h t {xf +7r a x=) = ^g t {x) + ir a+e * * 

Let G P 2 . Since hiki — 1 modulo Iz, then \hi(x)ki(x) — 1| < 6* a . Thus, the relation X, = 

xf i (hi(x) + 7r a *) implies xf* = Xjfcj(x) + n a+ei / e * = Xj(fcj(x) + 7r a *). We deduce that 

Xf = X e i ieS (h j (x)+TT a *) ei ^X e i 3 (k l (x)+TT a ^(h J (x)+TT a ^ 
= X^ikiixyihjix)** +7T°*) = X^hijix) + Tr ^/ 6 * 

We proved that F(f2) C F^ p (f2). The converse is trivial. □ 
The collection of affinoid varieties Y£ P satisfies the following properties : 

(i) The finite set T{V) = Hom#-(7,f2) is canonically a subset of Y£ P (f2). 

(ii) If b > a are rational numbers, then Fj p is an affinoid sub-domain of Yg p , 

(iii) Let L' be a finite separable extension of 7, and (Z' = (£j)j eP) 7', P') be a logarithmic system 
of generators of Ol> over Let v : I — > 7' be a map such that Zj = z„(^ for i G 7, and 



i>(P) C P'. Then, the morphism I? 7 — > 7? 7 given by (xi), eP i— > (x„(j)).j£i induces a morphism 



Only (iii) needs a proof. Let Z' = (zi)i^ P , Z = (^i)jgj, = vl{Zi) for i G P, e' { — vl'( z «) f° r 
i G 7", e be the ramification index of L/K, e' be the ramification index of L' /K, and r = e'/e be the 
ramification index of L'/L. We have e- = rej. We put Uj = zf/n ei (for i 6 P), uj = zl e /n rei (for 
i G P'), = zf/zl 3 (for G P 2 ), and u' t J = zp/z™ 3 (for G P' 2 ). We choose i G P' such 
that z L is a uniformizer of L' . We have 

m = (4r) e (— ) e< = «J e K) e< 

Z t Zj 

We choose g', h\ and fc- (for i G P') lifting respectively u[, u[ i and u\ L . Let a;' = (xi)i eP G FJv P /(fi), 
and set x — (xi) ie i. Clearly x G X^(fl). We prove the other relations. For i G P, we have 
Xi = x[ e< (/4(x') + 7r Q *). Therefore, 

x\ = xl eie (h^x') + n a *) e = n ei (g'(x') + n a *) ei (h' i (x')+Tr a *) e 
= ir e \g'{x') e *ti{x')1 + tt"*) = 7r e * 5 '(x') ei /i-(a;') e + 7r a+e '* 

Let 5i G Oif[(^)j eJ ] be a lifting of (for i G P). Since g' e *h'f lifts u i5 then |( 5 '(x')) e ' (^-(a;')) e - 
9i{x)\ < a . We deduce that xi — -K ei gi(x) + n a+ei *. (In general, we cannot choose gi = g' ei hf). The 
other relations are proved in the same way. □ 

By (iii) above, the collection (Y% P ), where (Z, 7, P) runs over the logarithmic systems of generators 
of Ol over Ok, forms a projective system. Let ttq(Y^ p ) be the set of geometric connected components 
°iYS P . 
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Lemma 3.10 The projective system ij^oiXz p))(z,P) * s constant. 

Proof. Let (Z, P) and (Z 1 , P') be as above. By considering ZWZ' and P II P' , we may assume that 
Z 1 = (zi)i£i' t I is a subset of P, Z — (ziji^i and P C P'. Moreover, (Z',P') can be obtained from 
(Z, P) in finitely many steps, each step consists in either adding an element to / an d preserving P, 



or adding the same element to I and P. In the first case, the proof of Lemma 3.1 shows that the 



fibers of the canonical map Y§i p> — » Y§ p are connected. In the second case, we have I' = I II {t} 



and P' = P II {£}. We choose l S P as in Lemma 3.9 and fix h t €E a lift of the unit 

zt/zf*. Then / = X^h t lifts z t . Using (|), we deduce that the fiber of Yg, p , — > Y|p above a point 
a; = is isomorphic to 

{x t e P^O) ; \xt - < a and |x t - ^/t t (x)| < 8 a+e ^ e } 

= {x t e P 1 ^) ; |a* - <*/it(a:)| < ^+ e '/ e }, 

which is connected. □ 

We put J-\ Qg (L) = lim ttq{Y^ P ). Let X = Iir_ 1 Spec(L,) be an object in C, where each Li is a 

(£p) 

finite separable extension of K. We associate with X the set J^* (X) = II l r =1 P 1 " g (L i ). By (iii) above, 
F\ os is a functor from C to the category of finite sets with continuous G-actions. By (i) and (ii) above, 
we have natural morphisms of functors T — > J~\ og and J\ os — ► -^iogj f° r rational numbers b > a > 0. 

Theorem 3.11 T/ie projective system (J-\ og ,J- — > Pio g )aeQ>o * s a separated filtration of the fiber 
functor T . 



Definition 3.12 The filtration (G" og ,a <E Q>o) of the Galois group G = Gal(f2/-fiQ, induced by the 
filtration of the fiber functor T of Theorem 3.11 and extended by G® og = G, is called logarithmic 
ramification filtration. 



Remark 3.13 Let L/K be a finite separable extension. By Proposition 2.1 and Theorem 3.11 
^iog(£) = P(P)/Gj a og for any rational number a > 0. In particular, if L is a finite Galois extension 
of K contained in 0, G(L/K) is the Galois group of L/K, and (G(L/K)f og ,a g Q>o) is the quotient 
filtration of (Gj a og ,a 6 Q>o), then there are canonical isomorphisms F\ og {L) ~ G(L/K)/G(L/K)f , 
for all rational numbers a > 0. 



Definition 3.14 Por a real number a > 0, we put G" og = Ub> a < -'iog' anc ' */ a > 0, we Gj a og = 
P| b<a Gf og , where b denotes a rational number. 



Proposition 3.15 1) For a rational number a > 0, we have G a+1 C Gf og C G a . 

2) G 0+ is the wild inertia subgroup of G. 

3) Let K' be a finite separable extension of K contained in Q, of ramification index m. We identify 
the Galois group Gk> — Gal(Q/-fiT') with a subgroup of G. Then, for a rational number a > 0, we have 
G™| og C Gf , with equality if K'/K is tamely ramified. 

4) If the residue field of K is perfect, then the filtration (G° og ) og Q >0 coincides with the classical upper 
numbering ramification filtration. 



Theorem 3.16 The logarithmic ramification filtration is left continuous and its jumps are rational, 
i.e., for a real number a > 0, we have G®~ — Gf if a is rational, and Gj a og = Gj a og if a is not rational. 
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As in the non- logarithmic case, we have a geometric interpretation of Yg p . For this purpose, we 
fix the following logarithmic structures. Let L be a finite separable extension of K. The valuation ring 
Ol has a canonical log-structure {Ml, ol) given by the multiplicative monoid Ml = Ol — {0} and the 
natural morphism of monoids oil '■ Ol — {0} — * Ol- There is a canonical morphism of log-structures 
{Ok, Mk) {Ol, Ml). Let a > be a rational number. The group {y G O ; v{y — 1) > a} acts on 
the monoid O — {0}. The quotient 

M a = {0-{0})/{yeO ; v{y-l)>a}. 

has a canonical monoid structure. The morphism of monoids O — {0} — > O induces a morphism of 
monoids a a : M a -> C/7r a O. We have Af Q = U v > M a {v) where Af Q (v) = {x G O ; v{x) = v}/{y G 
O ; w(y — 1) > a}. For a rational number u > 0, the map 

M a {v) — >{xeO ; v{x) = v}/ir a+v O, 

defined by x i— > x, is a well defined bijection. From this description, we see that {M a ,a a ) defines a 
log-structure on 0/ir a O, i.e. a a induces an isomorphism M a (0) = (a°) -1 ((0/7r°O)*) -> {Ofir a O)*. 
There is a natural morphism of log-structures {Ok, Mk) — > {Ofn a O, A/ a ). 

Let Hom log (0 L ,e>/7r a 0) be the set of morphisms {O l ,M l ) -> {0/-K a O, M a ) of Mjf)-log- 
structures. Such a morphism is a pair (/, g) where / : Ol — > Ofir a O is a morphism of 0_R—algebras 
and g : Ml — > M a is a morphism of monoids over Mk, such that / oa L = a a o g. 

Lemma 3.17 Let 7T£ &e a uniformizer of L, e be the ramification index of L/K, u G Ol be the unit 
such that 7i ■£ = U7r. There exists a well defined map 

Hom log (0 L ,0/7r a O) — > Hom(0 L , 0/vr a O) x M Q (±) 
(/,.9) — (f,9(*L)) 

which induces a bijection between Homi og (0L, 0/ir a O) and the set of pairs (/, t) satisfying the equations 

v{t e - nf{u)) > a + 1 and v(t - f(ir L )) > a. 

Proof. Observe that g is determined by its restriction to 0* L and by g{^L)- For x £ 0* L , f{x) £ 
{0/n a O)* and gr(a:) = f{x) via the isomorphism a a : M a {0) ~ (O/V 1 ©)*. It follows that is 
completely determined by / and g{n L ) G M a . Since <7(tt) = W G M a (l), then g{~KL) e £ M a (l), so 
g{^L) G M°(|). Hence, the map in the Lemma is a well defined injection. Conversely, a pair (/, t) as 
in the Lemma defines a morphism of monoids g : Ml — ► M a over My, by g{xir 1 l) = {a a )~ 1 {f{x)).t n 
where x £ 0* L . It is clear that (/, g) G Hom log (C L , 0/n a O). ~ □ 



Let {Z,I,P) be a logarithmic system of generators of Ol/Ok- By Lemma 3.17, there exists a 
surjective map 

Yg t p(Q) — > Homi og (0 L , 0/vr a O) 

with connected fibers. More geometrically we may interpret our construction as follows. Let X = 
Spec(0i) and let 

A = Spcc{0 K [X^ G I), {^t\i G P), (^) ±1 ((i,i) 6 ^P 2 )]) 

with the log structure defined by N — > 0.A, 1 i— ► X t , where z t is a uniformizer of O^. We have an 
exact closed immersion i : X — > *4. Then, the diagram 



rj iP (o) ^^(o) 



i«"'fi. 



X(0/7r a O) log ^(C/7r a C>) lo s 

is Cartesian, where the superscript log indicates the valued points as log schemes. The horizontal 
maps are injective and the fibers of the vertical maps are products of discs. 
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4 Normalized integral models of affinoid varieties 



In Raynaud's theory Q], (quasi-compact and quasi-separated) rigid if-spaces are the generic fibers 
of (quasi-compact) admissible Ox-formal schemes. Concretely, let Ak be an affinoid if-algebra, and 
let A be an O^-algebra which is 7r-adically complete and topologically of finite type over Ok- If 
A ®o K K — Ak, then the formal scheme Spf(j4) is a model of the affinoid variety Sp(Ax)- To 
construct such a model, we can start from a surjective map p : K(X\, . . . , X n ) — > Ak, and take 
A p = P (0 K (X 1 ,...,X n )). 

Lemma 4.1 Assume that Ax is reduced. Then, 

i) A p C A = {/ € Ak', |/| sup < 1} omd A is the integral closure of A p in Ax- 
il) If A p (&o K K * s reduced then A = A p . 

Proof, i) follows from ||] 6.3.4/1. ii) Let | \ p be the residue norm on Ak defined by p. Then A p is the 
unit ball in Ak for | \ p . We have | | sup < | | p , and | | sup = | | p if and only if A p ®o K K is reduced (|| 
proposition 1.1). □ 

Since Ok is a discrete valuation ring, then the unit ball A C Ak is topologically of finite type over 
Ok although A ®o K K might not be reduced. However, we have the following finiteness theorem of 
Grauert and Remmert (|| theorem 1.3; see also § and (2) 6.4.1/3): 

Theorem 4.2 Let Ak be a geometrically reduced affinoid K-algebra. Then, there exists a finite sep- 
arable extension K' of K such that the unit ball A 1 C Ak ®k K' has a geometrically reduced special 
fiber A' ®o K , K . Moreover, the formation of A' commutes with any finite extension of K' . 

Let Ak be a geometrically reduced affinoid if -algebra. We think of the collection of Ok 1 -formal 
schemes Spf(A'), where K' and A' are as in Theorem [4.2| , as a unique model of Sp(Ak) over O. We 
call it the normalized integral model of Sp(Ak) over O. We say that the normalized integral model 
of Sp(Ak) is defined over Ok 1 if the unit ball A' C Ak' has a geometrically reduced special fiber 
A' ®o K , K' . 

Proposition 4.3 Let X be a quasi-compact Ok -formal scheme that is flat and locally of topological 
finite type over Ok- Assume that the closed fiber X s and the generic fiber X v (as a rigid-space) are 
geometrically reduced. Then the sets of their geometric connected components are isomorphic. 

Proof. It is enough to prove that the sets of connected components of X s and Xr) are isomorphic. The 
set of connected components of X s is equal to the set of connected components of X. We assume that 
X is connected and we prove that X^ is connected. Let X — U" =1 Spf(Ai) be a finite open covering 
of X by connected affine fo rma l schemes, and let X v = U" =1 Sp(Aj ®o K K) t> e t ne induced admissible 



covering of X v . By Lemma |4.l| ii), Ai is the unit ball for the sup norm on Ai ®o K K- If e G M ®o K K 
is a non trivial idempotent, then |e| sup = 1 and e S Aj. We deduce that Sp(Ai ®o K K) ^ s connected. 
Assume that X v is not connected. Then there exists a partition {1, . . . , n} = /IIJ such that 

U Sp(A, ® 0k K) n (J Sp(i4j ®o K K) = 0. 
iei je.J 

We consider the open formal subschemes X' = {J ieI Spf (Ai) and X" = Ujej Spf(^j) of X. Since X is 
connected then there is x £ X' s nX" which is closed in X s . Let sp : X v —>■ X s be the specialization map. 
Since X' and X" are open, then sp _1 (x) C X' and sp _1 (a;) C X 1 '. We get a contradiction because 
sp _1 (a;) 7^ by Q] proposition 3.5. (In fact sp _1 (x) is geometrically connected by Lemma fO]ii) and 
|| satz 6.1.) □ 

Corollary 4.4 Let X be a geometrically reduced affinoid variety over K , X be its normalized integral 
model over O, and X be its special fiber. Then the sets of geometric connected components of X and 
X are isomorphic. 
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Proposition 4.5 Let X and Y be geometrically reduced affinoid varieties over K , and let f : X — > Y 
be a finite flat morphism of degree p. Let X and 2) be their normalized integral models over O, and 
let f : X — > 2) be the canonical extension of f (which is finite by the finiteness theorem of Grauert 
and Remmert). Let K' be a finite separable extension of K such that X and 2) are defined over Ok 1 - 
Assume that 

i) / : X -» 2) is flat; 

ii) the special fibers X and 2) are (geometrically) reduced and irreducible, and 2J is normal; 

iii) there exits a function r on X that generates Ox over Oy , i.e. Ox = Oy[r]. 

Then, there exist a function £ on 2J and an element (3 G Ok> such that (r + £)//3 G Ox, and X ~ 
Spf(Cy(r + £)//?]). 

Proof. Let M. be a locally free O^-module of finite type, and let m G r(2J, M) be a non-zero section. 
Let J(m) C 0<g be the ideal of coordinates of m, i.e. the ideal of 2) generated locally by the 
coordinates of ro in a basis of M. over Oy. The closed fiber of 2J — > Spf(0Rv) is geometrically reduced 
and irreducible, and J(m) does not vanish identically on the rigid fiber. Then we can apply the 
maximum principle of S proposition 5.2 to J(m) and the morphism 2) — > Spf(0R-'). So there exists 
/3 G Or-' such that J'(m) C /302j and the open part of 2) where Jim) — (iOy is not empty. We 
deduce that m/(3 G r(2J,7W) and its residue class in M. = M. ®o v O-^ does not vanish. 

We apply this construction to M = Ox/0<y and m the residue class of r. Then, there exist 
G Ok 1 and £ G Osg such that 7 = (r + ^)//3 G and 7 ^ O^-. Since is locally free of rank p 
over 2), then 7 annihilates its characteristic polynomial F(T) G 02) [T], which is an integral polynomial 
of degree p. We claim that the natural surjection Ojj [T]/F — > 0^ [7] is bijective. Since 0<y [T]/F and 
02) [7] are flat over Ok', it is enough to show that this map is bijective after tensorization with K'. 
The latter is true because both Oy[T]/F and Ox = 0y[7] are finite and flat of rank p over Y. We 
consider the natural maps 

X^Z-Spf(02j[ 7 ]) ^2J, 
and we denote by x and y the generic points of the special fibers of respectively X and 2). Since 7 0^, 
7 is integral over 0^, and 2J is normal, then 7 g" At(y). Thus k(x) = k(?/)[7] because [k(x) : n(y)] = p. 
Hence Z has a unique point z above y and k(z) = k(x). The claim above implies that Z is finite and 
flat of rank p over 2). We deduce that the closed fiber of Z is reduced and irreducible. Thus X = Z 



by Lemma 4.1. □ 



Let X be a geometrically reduced affinoid variety over K, X be its normalized integral model over 
0, and X be its special fiber. There is a natural 0-semi-linear action of G = G&\(il/K) on X, which 
induces an fi-semi-linear action on X, called the geometric monodromy. More precisely, let K' be a 
finite Galois extension of K over which the normalized integral model of X is defined; we denote it 
by Xq k , ■ The natural if -semi- linear action of G on Xk> extends to an Ok' -semi-linear action on 
Xo K , ■ If K" is a finite Galois extension of K containing K' , then Xo K „ = %o K , x o K , Ok» and the 
semi-linear actions of G on the left and right hand sides are compatible. The restriction to the inertia 
of the action of G on X is £!-linear. 



5 Continuity of connected components 

Let A be a geometrically reduced affinoid iC-algebra, X = Sp(A) be the associated affinoid variety, 
and fx, ... , f rn G A be holomorphic functions. For every rational number r, we consider the rational 
sub-domain X r = X(9~ r fi, . . . , 8~ r f m ), and denote by ir (X r ) the set of its geometric connected 
components. The goal of this section is to prove the following: 

Theorem 5.1 For any rational number a, there exist rational numbers a\, . . . , a„+i with —00 = oq < 
a\ < ... < a n < a n +i = a, such that the cardinality of tto(X t ) remains constant for all rational 
numbers r G]ai,ai+i]. 
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By the maximum modulus principle we may assume |/i| SU p < 1 for all i. Let e be an integer, and 
C = Sp(K(z,t)/zt — 7r e ) be the annulus {z G S7; < v(z) < e}. We consider the following relative 
situation 

if : Y = Sp (A{z, tii, ... , Um)/(/i - Ui^i 2* - ^ e )) — > C. 

Then ip parameterize the family of afhnoid varieties X r for < r < e. More precisely, we have 
Y z ~ .X""^ for z G C(f2). For rational numbers < s < r and a G 12, we put 

C+( S; r ) = {x G 12; s < v(x) < r}, 
C~(s,r) = {x G 12; s < v(x) < r}, 
B~(a,r) = {x G 12; w(.t — a) > r}. 

Proposition 5.2 After a finite separable base change K' of K , there exists an admissible formal 
model £' of Ck' over Ok' such that if £ denotes the special fiber of €! and sp : Ck 1 — £'k' ~ * ^ 
denotes the specialization map, then the following properties hold: 

i) £ is reduced, and for any closed point x of € , either sp~ 1 (x) = C~(s,r), or sp~ 1 (x) C 
B-{a,r)cC KI (Q); 

ii) there exists a covering € = U™ =1 C/i by locally closed subschemes of £ such that the cardinality of 
kq{Y x ) is constant for x G sp -1 ([/i). 

Proof. Let A C A be the unit ball for the sup-norm (which is 7r-adically complete and topologically of 
finite type over Ok)- We consider the following model of the map <p: 

<t> : y = Spf (A(z, t, U X , . . . , Um) /(ft - UiZ, zt - Tr e )) -^€ = Spf {O k {z, t)/zt - 7T e ). 

By the main theorem of there exists a diagram 

Z" 




where the squares are Cartesian and 
1) £' — » is an admissible blow-up; 

C is quasi-finite, flat and surjective, and moreover it is etale over the generic fibers; 
y" is finite and induces an isomorphism over the generic fibers; 
(£" is flat and has geometrically reduced fibers. 

Properties 2), 3) and 4) are preserved after any base change S' — > €.'. By semi-stable reduction theorem 
for curves, there exists a finite separable extension K' of K and a morphism <S' — > *£!q k , , such that the 
induced morphism on the generic fibers is an isomorphism and S' satisfies property i) of Proposition 
5.2 . In the sequel we replace £' by S' . 

There exists a stratification £ = UiVi by locally closed connected subschemes of € such that 



2) 

3) Z" 

4) Z" 



#tto(Z x ) is constant for x G Vi. Thus by Proposition 4.3, #ttq(Y") is constant for x G sp _1 (Vi). Let 
h : t — > t be the map induced by h on the special fibers. We put f/, = If Vi is an open 

subscheme of £ , then £/j is open in £ because /i is flat. If Vi is a closed point in £ , then C/j is a 
closed point of £ . We claim that the covering £ = DiUi satisfies property ii) of Proposition 5.2. 
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Lemma 5.3 Let (3 G £ and a — h(f3) G £ . Then h : sp 1 {(3) — » sp is surjective. 

Proof. Let (9^ (resp. C^) be the completion of the local ring of €." at /3 (resp. of €! at a). The natural 
map O a — > (9/3 is finite because ft. is quasi-finite. Since O q and Op are integral models of sp~ 1 (a) and 
sp _1 (/3) respectively, then h : sp _1 (/3) — > sp~ 1 (a) is finite. Hence it is surjective because it is flat by 
2). □ 
Let x G sp -1 ([/i). By Lemma ^J, there exists y G sp _1 (Vi) C €'f i , such that /i(y) = x. So Y^' = Y x . 
We deduce that #7ro(Yx) is constant for a; G sp~ x {Ui). The claim and Proposition |5.2| follow. □ 



Proposition 5.4 There exists a covering C — U™ =1 Ci such that 

i) for each integer 1 < i < n, either Ci = C~ (dj, &i) /or rational numbers a, < hi, or Ci = C + (a.;, <ij) 
/or a rational number at; 

ii) i/ie cardinality of ttq(Y x ) is constant for x G Cj(fi). 



Proof. We start with the covering U" =1 sp 1 (C/^) of Cjf/ given by Proposition 5.2, and change it. We 
may assume the Ui connected. We have to consider three cases: 

a) Ui is a closed point a; of £ and sp _1 (x) = C~(s,r); 

b) Ui is a closed point x of £' and sp _1 (x) C B~(a, r) C C^/; 

c) f/j is an open subscheme of £ . 

We don't change [/ in case a). In case b), since B~(a,r) C C, then v(a) < r. Therefore B~(a,r) C 
C + (?;(a), u(a)). Moreover, #7ToQ4) is constant for a; G C + (v(a), v(a)). So, we replace sp _1 (J7 J ) by 
C + (v(a), f(a)). In case c), sp -1 (£/i) is a connected affinoid sub-domain of C. 

Lemma 5.5 Let U be a connected affinoid sub-domain of C . Then, there exist rational numbers 
< s < r < e such that U C C + (s, r) and U contains a point of valuation a for any a € Q fl [s,r]. 

Proof. It follows from § 9.7.2/2. □ 
Since f£iro(Y x ) depends only on v(x), Lemma 5.5 shows that we may replace the affinoid sp _1 (C/i) 
by C + (r, s). Proposition 5.4 follows. □ 



To finish the proof of Theorem 5.1, we establish the left continuity of #7r (X T '). It may also be 
possible to deduce this result from |^ We give a more direct proof. Let X + °° be the zero locus of 

fl ; ■ ■ ■ i fm ■ 

Lemma 5.6 i) Let gi,...,g s G A be holomorphic functions, r G Q U {+00} and £0 be a rational 
number. If X(9 E ° <?i, . . . ,6 £o g s ) l~l X r — 0, then there exist rational numbers s > Sq and a < r, such 
that X(e e g-L, . . . , 6 £ g s ) n X a = 0. 

ii) Let U be an affinoid sub-domain of X and r G QU{+oo} such that UC\X r = 0. Then, there exists 
a rational number a < r such that U D X a = 0. 



Proof, i) For x G X(il), we put 



a(x) = max \fi(x)\ 

Ki<n 



By assumption, a(x) > 9 r for x G X(6 e °gi, . . . , 9 e °g s ). Since a assumes its minimum on any affi- 
noid variety (by Q 7.3.4/8), then there is a rational number ro < r such that a{x) > 8 r ° for 
x G X(6 eo g ll . . .,9 £ °g s ). For x G X(Q), we put 

0(x) = max (^1/^)1,^1^)1)- 

l<*<n,l<j<s 

By assumption, (3{x) > 1 for all x G X(fl). Thus by Q 7.3.4/8, there is a rational number S < such 
that /3(x) > 5 for all x G X(f2). We take a = r + 5 and e = e — 8. The proof of ii) is similar. □ 
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Lemma 5.7 Let U\, . . . ,U n and V\, . . . , V m be affinoid sub-domains of X , and r G Q U {+00}. We 
put U — 1J" =1 Ui and V — (J™ x Vi, and we assume that U U V D X r and U HV D X r = 0. Then, there 
exist two admissible open subsets U' and V of X for the strong G-topology and a rational number 
a<r, such that U C U', V C V , and U'UV'D X a and U' R V R X a = 0. 

Proof. By [|| 7.3.5/3, there exists a covering X — \J k=1 Xk by rational sub-domains Xk C X such that 
Ui : k = Ui n Xk and Vj tk = Vj R are Weierstrass domains in for all 1 < i < n, 1 < j < m and 
1 < k < I. We put C/^fc = X k (gi,k,i, ■ ■ ■ , fl'i.fc.si, J and V^k = X k {hj, k ,l, ■■ •> h j,k,t j , k ), and for e G Q, 

= X k (9 £ gi,k,i, ■ ■ ■ ,9 £ gi,k, s ^ k ), 

v? k = x k (e /o.a.i w /'a./ . 

We put ?7 e = |L fe J7?j. and F e = Uj fc ^ £ fc> which are admissible open subsets of X for the strong 
G-topology by [§' 9.1.4/4. 

First, we prove that there exist rational numbers e > and a\ < r such that U £ R V s R X ai = 0. 
It is enough to prove that for any (i, k) and (j, k') as above, there exist rational numbers e > and 
ai < r such that 

^n^ni ai = «. (4) 

We work over the affinoid sub-domain X k R of X, which contains the left hand side of (^). Since 
Ui,k n Vj,k' = ( x k (~l X k >){9 £ gi^,i, . . . , 9 £ gi,k,s^ k i9 e hj^i,i, • ■ • , 9 e hj^> ,t ]k ,) 



and £/° fc n V? fc , nl r = 0, then (g) follows from Lemma |5j-i). 

Second, we prove that there exists a rational number a± < a < r such that U e U V £ D X a . It 
is enough to prove that for any 1 < k < I, there exists a rational number a\ < a < r such that 
(Ui Ulk) u (Uj V lk) ^X a n X k . By assumption, (Ui U itk ) U (\Jj V j,k) 3 X r R Therefore, for any 
choices of G {ffi,M> • ■ ■ >9i,fc,s 4 ,k} for 1 < i < n, and /ij G {%fc,u • • ■ , hj,k,t Jtk } for 1 < j < m, we have 

X fe (6T e l . . . , r e — , <T E -i . . . , 6-^) n X'' = 0. 
g\ g n h x h m 



Then by Lemma 5.6-ii), there exists a rational number a\ < a < r such that for any choices as above, 
we have 

x k {9~ s -, e~ s —,e- s ^, . . . , e-^) nr = e. 
gi g n h x h m 

We deduce that X k C\X a C (U, U? k ) U ({Jj V? k ). □ 



Theorem 5.1 is a consequence of Proposition p.4| and the following: 
Proposition 5.8 For r G Q U {+oo}, the following natural map is bijective 

L r : n (X r ) — ► lim 7r (X a ). 

a£Q< r 



Proof. The injectivity of i r follows from Lemma 5.7 . Observe that a geometrically connected component 
of an affinoid variety is an affinoid sub-domain [M 9.1.4/8 and the discussion after). Suppose that 
i r is not surjective. Then, there exists an affinoid sub-domain U of X such that U Pi X a ^ for all 
rational numbers a < r, but U R X r — 0. We get a contradiction with Lemma Isli] ii). □ 



6 Ramification of complete intersection rings 

Let A and B be finite flat Ok- algebras, and let u : A — > B be a morphism of O^-algebras that makes 
B a relative complete intersection over A, finite and flat of rank r (EGA IV 19.3.6). We fix closed 
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immersions Spec (A) — ► Aq k and Spec(£?) 

Spec(B) - 



k™. They induce the following commutative diagramme 
— >■ A 7 ? 



■ A" +m 



pr 



Spec(A) 



Let / be the ideal sheaf defining the closed immersion Spec(£?) 



by EGA IV 19.3.7 there exist an open subscheme U C A£,+ m and ft, . . . , f m € T(U, O) such that 



Spec(B) c U n A^ and 

r([/nAj,/) = (/ 1) 

Hence, the following diagram is Cartesian 

Spec(B) ■ 



™. Since B is semi- local, then 

f m )T(unA^,o). 



Spec (A) 



■ U 



■ A" +m 

<~>K 



where the bottom map is obtained by composing the closed immersions Spec [A) — > i 
section of pr, and ip is defined by ip(x) = (pr(x), fi(x), . . . , f m (x)). Let (p K ; JJ K 



and the zero 

D n+m bc the 

morphism induced by <p on the rigid fibers of the formal completions of U and AJ^™ 1 along their special 
fibers. Let Z (resp. Z') be the finite system of generators of A (resp. B) over Ok induced by the 
closed immersion Spec(A) — > Ag,^ (resp. Spec(£?) — » A^. m ). For a rational number a > 0, we have 

X^/ C Uk and the following diagram is Cartesian 



X a x £,m,(a) „ £>n+m 



Proposition 6.1 For any rational number a > 0, the morphism ip a : X%i — > X% x D m '( a ) is finite 
and flat of degree r. 

Proof Let U be the special fiber of U, and let sp : D n+m (Q) -> A rl+m (I?) and sp : L> A '(^) -» 17(0) be 
the specialization maps. Let 

T A = sp _1 (Spec(vl ® 0k K)) and T B = sp- 1 (Spec(B ® 0k &))■ 

Then ip K maps T B to T^, X%, C T B , A£ x D m >( a ) c Tk, and A£, = <p K X {X a z x D m ^). Thus, it is 
enough to prove that ifK induces a finite flat morphism of rigid analytic spaces Tg — * 7a of degree r. 

Let A' (resp. B') be the completion of the local rings of A£,+ m (resp. U) at the closed points of 
Spec(A) (resp. Spec(S)). Then A' and B' provide integral models of, respectively, Ta and Tb (|1 
section 7). Thus, it is sufficient to prove that the natural morphism A' — > B' makes B' a finite flat A' 
algebra of rank r. The rings A 1 and B' are complete regular semi-local Noetherian rings of dimension 
n + m+1. Let n be the radical of A', m be the radical of B', and (bi, . . . , b r ) be a lifting to B' of a 
finite system of generators of the A- module B. By Nakayama, the reductions of (&i, . . . , b r ) generate 
B' /m™ as an A'/n n -module. Thus, by taking limits, (bx, ... ,b r ) generate the A'-module B' . Since the 
map A 1 — > £?' is injective, it is finite and flat by EGA Oiv-17.3.5 (ii). □ 

Proposition 6.2 Let A be a finite flat Ox-algebra such that A is a complete intersection ring (EGA 
IV 19.3.1) and L = A ®o K k is <^ tale over K - 
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(i) For a rational number a > 0, the map F(L) — > T a {A) is surjective. 

(ii) The map J-(L) —> lim F a (A) is bijective. 

aGQ>o 

(iii) Let E be a finite separable extension of K such that A is a flat OE-algebra. Then, the following 
diagram is cocartesian 

T{L) ^T a {A) 



HE) ^F a {0 E ) 

Proof. By EGA IV 19.3.2, A is a relative complete intersection over Ok- (i) follows from Proposition 



6.1. (ii) follows from Proposition |5.8|for r = +oo. In order to prove (iii), we apply Proposition 6.1 with 



A := Oe and B := A. Let y,y' G 3~{E) with the same image in ^(Oe)- So, there exists a geometric 



connected component U of X% x D m ' a that contains both of them. By Proposition 6.1, there exists 
a geometric connected component V of X%, and a finite flat morphism V — > U. Let x, x' G V(Sl) be 
inverse images of respectively y and y'. Then x. x' G J-{V), and they have the same image in T a {A). 
The Proposition follows. □ 

Definition 6.3 Let A be a finite flat Ok -algebra such that A is a complete intersection ring and 
L = A ®o K K * s efaZe over K. We say that the ramification of A/Ok is bounded by a if the map 
J-(L) — > F a (A) is bijective. 

Proposition 6.4 Let A be a finite flat OK~o-lgebra such that A is a complete intersection ring and 
L = A ®o K K is Stale over K . For a real number a > 0, we put 

T a -{A)= Urn F b (A) and J 7a+ (A) = lim J 76 (A), 

0<6<a b>a 

where b denotes a rational number. Then, 

(i) J- a (A) is left- continuous and its jumps are rational, i.e., !F a ~{A) — J- a (A) if a is rational and 
J- a ~ (A) = J- a+ {A) if a is not rational. In particular, the number 

c(A/O k ) = inf{a G Q >0 \T{L) ~ T a {A)} 

is rational. We call it the conductor of the extension A/Ok; 

(ii) The ramification of A/Ok is not bounded by c(A/Ok); 

(iii) The extension A/Ok is etale if and only if c(A/Ok) = 0. 



Proof, (i) follows from Theorem 5.1 and Proposition p.2|-(i). (ii) is a consequence of the left-continuity 



of J- a {A). (iii) follows from Lemma 3.2 -ii) , since A/Ok is etale if and only if the map T(V) 



Homo K (A, f2) is bijective. □ 

Lemma 6.5 Let K' be a finite separable extension of K of ramification index e, contained in Q. Let 
A be a finite flat Ok -algebra, B be a finite flat Ok 1 -algebra, and u : A — > B be a morphism of O k~ 



algebras. For a rational number a > 0, we denote by T K , the functor constructed in Subsection 3T for 
finite flat Ok 1 -algebras. Then, we have a natural map 

T%,{B) -> F a {A), 

that is an isomorphism if B — A ®o K Ok 1 ■ 

Assume furthermore that A and B are complete intersection rings, that L = A ®o K K * s e '^e over K 
and L' — B ®o K , K' is etale over K' , and that the map Horriff/(L', f2) — > Hoviik(L,£1) induced by u 
is injective. If the ramification of A/Ok is bounded by a, then the ramification of B/Ok' is bounded 
by ea 
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Proof. Let Z and Z' be finite systems of generators of, respectively, A/ Ok and B/Ok', such that 
u(Z) C Z'. Let X% and FJ? be the affinoid varieties associated with, respectively, (A/Ok, Z) and 
(B/Ok' , Z'). Then, the natural projection induces a rigid-analytic morphism Y%? — » Af if'. 
We deduce a morphism T e ^,{B) T a (A). \{ B = A ®o K ®K', we take Z' = Z ® 1. Hence, 
Y£?~X a z x K K'. 

We have a natural commutative diagram 

Horn*/ (L 1 , O) »- J^SJ (L') 

9 

Hom^L, fi) — T a {L) 

in which <? is injective, and i is surjective. Since j is bijective, we deduce that i is also bijective. □ 
6.1 Example : monogenic extensions 

Let L be a finite separable extension of K of degree d Assume its valuation ring Ol monogenic over 
Ok, and fix Ol = Og\X\/P a monogenic presentation (so P is a monic polynomial of degree d). Let 
zi, . . . , Zd be the zeros of P in 0. 

Lemma 6.6 Let a > be a rational number. The following are equivalent : 

(i) the ramification of Ol/Ok is bounded by a; 

(ii) S2 v(zi - zi) + sup v(zi - zi) < a. 

Proof. Notice that the left hand side of inequality (ii) does not depend on the numbering of the 
zeros of P because Gal(ft/K) acts transitively on them. First, assume that (ii) does not hold. Then 
D( Zll 6 a ) C P- 1 (D{0,9 a )), where a — sup^j^ v{zi — zi). But D(zi, a ) is connected and contains at 
least two zeros of P. Therefore, the ramification of Ol/Ok is not bounded by a. Second, assume 
that (ii) holds. Let y £ O be such that v(P(y)) > a. We may assume that v(y — zi) > v(y — Zi) for 
2 < i < d. Then, 

v(P(y)) < v(y - z\) + ^2 v ( Zi ~ Zl )- 

We deduce that v(y — z\) > a + e, where e > is the difference between the right and the left hand 
sides of inequality (ii). Hence, P~ 1 (D(0,9 a )) = |_li<;<d D(zi, 6* Q+£ ), and the ramification of Ol/Ok 
is bounded by a. □ 



An important example of monogenic valuation ring extensions is provided by unfiercely ramified 



extensions, i.e. finite separable extensions of local fields with separable residue extensions (see 12 III 
6 Proposition 12). For these extensions, our theory gives the classical ramification theory developed 
in Jl^, 0, which we summarize below. Let L/K be a finite separable unfiercely ramified extension, 
TiV) — Horrid (L, SI), and u > —1 be a real number. We define an equivalence relation R u on J-(L) 
by 

a = t (mod R u ) vl[o — t) := inf vl(o~(x) — t(x)) > u+ 1, 

where vl = rv and r is the ramification index of L/K. The Galois group Gal(f2/X) acts transitively 
on T(L) and preserves the equivalence relation R u . Hence, the equivalence classes have the same 
cardinality r u . The Herbrand function Pl/k '■ [~ L +oo) — * [— 1, +oo) is defined by 



Vl/k{u) = / — dt. 

J0 r 
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Let ipL/K be its inverse. The upper numbering equivalence relation on T(L) is defined by Rf — 



R 

Proposition 6.7 Let f > —1 be a rational number. The following are equivalent : 

(i) the ramification of Ol/Ok is bounded by f + 1; 

(ii) the equivalence relation R* is trivial; 

Proof. Let a 6 T(L). For a ^ a a , put v(a — a ) = \vl{o — (To). By Proposition A. 6.1, (ii) is 
equivalent to 

^ v(a - cr ) + sup v(cr - er ) < / + 1, 



which is equivalent to (i) by Lemma 6.6 



□ 



6.2 Proofs of GT3L 5771 and ETS 



The orem 3.3 follows from Propos ition 3.2. Theorem 3.8 follows from Proposition 6.4-(i). Proposition 
|3.7| -3) was proved in S ubs ection 6.1 . We prove Proposition [?~7|-2). The inclusion C G a is a 

consequence of Lemma 3.5. Assume that K'/K is unramified, and let L be a finite separable extension 
of K. Then by Lemma^J, we have F%-,{L ® K K')= T a (L), so T{L)/G a = T{L)/G K ,. We deduce 
that G a K , = G a . Proposition |3.7| -1) is a consequence of the following two Propositions. 



Proposition 6.8 Let L be a finite separable extension of K . The following are equivalent : 

1) L/K is tamely ramified; 

2) the ramification of Ol/Ok is bounded by a, for any rational number a > 1. 



Proof. 1) 2). Fol low s from classical ramification theory. 2) 
monogenic. Lemma 3.6 implies that 



1). We assume first that Ol/Ok is 



v(zt 



Zi) + supv(zi 



zi) < 1 



If sup i? ij v(z.i — z\) = then Ol/Ok is etale. Otherwise, v(Ul) = v ( z i ~ z i) < 1 where T>l is the 

different of Ol/Ok- We conclude using Proposition |A.3| . 

The proof in the general case is by induction on the lexicographical order of (v(Sl),sl) (cf. Ap- 
pendix for the notations). The result is trivial if v{5l) = 0, and proved above if sl = 0. Assume 
sl 7^ 0. By Lemma [jTJ, we may assume the residue extension L/K purely inseparable. Let K' be as 
in lemma AT, and L' be a composed extension of L and K' . By Lemma |6~5| , assumption 2) implies 
that the ra mific ation of Ol'/Ok' is bounded by a for any a > 1. Since (v(8l'),Sl<) < (v(5l),sl) 
(cf. lemma A.l), we deduce that L' /K' is tamely ramified. Let e be the ramification index of L/K, 
e' be the ramification index of L'/K', and r be the ramification index of L'/L, so e! = er. We have 
K C K C L C L , moreover L /K is separable and L/K is purely inseparable. It follows that L = K . 
On the one hand [L' : L] = r[L : L] is a divisor of [K' : K) which is a power of p. On the other hand, 
r is prime to p because so is e' . Hence r = 1. We conclude that Ol'/Ol is etale. 

Let F be the maximal sub-extension of L'/K such that Of /Ok is etale. Since L/K is purely 
inseparable, then L and F are disjoint. Moreover, [F : K] is the separable factor of [L : K] which 
is \L' : L] — [L' : L\. Hence, V is the composed extension of L and F. By Proposition |6.4| (iii), the 
ramification of Of /Ok is bounded by 1. We deduce that the ramification of Ol'/Ok is bounded by 
a, for any a > 1. Therefore, the ramification of Ok 1 /Ok is bounded by a, for any a > 1. But Ok 1 /Ok 
is monogenic. Then K'/K is tamely ramified, which is a contradiction with ii) of Lemma |A.1| □ 



Proposition 6.9 Let L be a finite separable extension of K . The following are equivalent 
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1) O l /Ok is Stale; 

2) the ramification of Ol/Ok is bounded by a, for any rational number a > 0; 

3) the ramification of Ol/Ok is bounded by 1. 

Proof. The equivalence between 1) and 2) was proved i n P roposition |6^ -(iii). We prove that 3) implies 
1). Assume that condition 3) holds true. Proposition |6.8| implies that L/K is tamely ramified and in 
particular the extension Ol/ Ok is monogenic. Let e be the ramification index of L/K and Ol be a 
different of Ol/Ok- Lemma |6.6| implies that 

v(d L ) + supv(z l - zx) = (1 - -) + supu(z. t - zx) < L 
Thus sup^ v(zi — z\) < 1/e. If e ^ 1, then 

e - 1 

v(d L ) < (e — 1) supv(z l - zx) < , 

i/i e 

which is impossible. We deduce that Ol/Ok is etale. □ 

7 Deformation to the special fiber 

Lemma 7.1 Let L be a finite separable extension of K . Then Ol is a complete intersection over Ok, 
i.e. L ~G K [Xx,...,X n ]/(fx,...J n ). 

Proof. Let ip : R = Ok [Xx, ■ ■ ■ , X n ] — > Ol be a surjective morphism of Ox-algebras, I — ker(t^) 
and m = ^'(mx). Let R and / be the m-completions of R and /. We have Ol = R/l. Then by 
EGA IV 19.3.2, there exist (gi, . . . ,g n ) 6 R such that / = (gx, ■ ■ ■ ,g n )R- Thus I /ml is generated 
as an C^-module by the residue classes of n equations (/i,...,/„) G /. By Nakayama, we have 
I = (fx, . . . , f n )R- We put D = R/ (fx, . . . , /„) and H = I /(fx, ■ ■ ■ , fn), so we have the exact sequence 
— > H — > D — > Ol — * 0. By completion at m, we get that H = 0. Hence 

H/H 2 =H® D D/H = H ® D L) = H = 0. 

We deduce that H = H 2 and (1 — e)H = for some e € H. Then H = eD, e = e 2 and 

O l * D/H ~ D[X]/((1 - e)X - e) ~ Ok[A 1; . . . , A„ +1 ]/(A, . . . , / n+1 ), 

where /n+i = (1 — e)X, 1+ i — e and e £ i? is a lifting of e. □ 
Let I be a finite separable extension of K . We fix a presentation of complete intersection 

L = K [Xx,...,X n ]/(fx,...,f n ), 

and denote by Z = (zx, ■ ■ ■ , z n ) the residue classes of (Xx, ■ ■ ■ , X n ). Let / : D n — > D n be the map 
defined by the equations (fx, ■ ■ ■ , fn), and for a rational number a > 0, let f a : X^ — ► £) n >( a ) be the 
induced map. Let (resp. D n >( a )) be the normalized integral model of A^ (resp. D n ^) over C, 

and let (resp. 2?"' < - a - ) ) be its special fiber. By the finiteness theorem of Grauert and Remmert 
and Q theorem 1.2), the map f a extends to a finite mor phism f a : X| -> X> n >( a ). We denote by 

/ : — ► I? ' the induced morphism on the special fibers. In the sequel, we fix Z and drop it from 
the notation. The goal of this section is to prove the following 

Theorem 7.2 Assume that L/K is not tamely ramified, and let c = c(L/K) > 1. Then f c : X c — » 
V n ^ is etale. 
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Proposition 7.3 Let e be the ramification index of L/K, and let a\, . . . ,a r be the positive integers 
such that &q l iq k — ®\ = \0 l / t^'l O l ■ If Ol/Ok is not etale, then cti < ec(L/K) for all i. 

Proof. We may assume the residue extension L/K purely inseparable. We fix a presentation as in 
Lemma 7T, and denote by /' G M„(Ok[^i, ■ ■ • , X n ]) the Jacobian matrix of the equations (/i, . . . , /„) 
and J G M„ (Ol) its residue class. Let a : Ol —* O be an embedding. To prove the Proposition, it is 
enough to prove that there exists a rational number 7 > such that if the ramification of Ol/Ok is 
bounded by a > 0, then a > 7 and 7r o_7 n C a{J)O n . We need the following: 

Lemma 7.4 For any rational number a > 0, there exists a rational number a > 0, such that X a C 
lW)(^ + £"' (a) )- 

Proof. Let < b < a be a rational number, and consider the following commutative diagram 

sp 



X a 



jyn,{a) 



^x b - 

f 

£)n,(fe) 



V 



f 

(b) 



Since f is finite and sp(£> n '' - ) ) is a closed point, then sp(W a ) is a finite set of closed points. So, if 
we consider X a as an affinoid sub-domain of D n and denote by sp : D n — > V the specialization map, 
then sp(X°) is also a finite set of closed points. The Lemma follows using the maximum modulus 
principle. □ 
The assumption that L/K is purely inseparable and Lemma 7.4 imply that there exists a rational 
number < 7 < 1 such that X 1 C a+D n ^\ Let a > be a rational number such that the ramification 
of Ol/Ok is bounded by a. Observe that a > 1 because Ol/Ok is not etale (by Proposition |6.9|). 
Let s : Z) n '( a ) — » X a be the section of f a that maps to a, and ip be the composite of s and the 
canonical embedding X a C £>". We write tp = (gi, . . . , g n ), where gi = J2 M a i^X v 6 fi[[-Xi, . . . , X n ]] 
and satisfies lim,. 



ii/H^+oo v{ai >v ) + a\v\ = +00. The inclusion X 1 C cr + D n '^ implies that 
IS* ^ 5*(0)Up 



sup |a,,,|0 Q|,y| < 7 . 
|i/|>i 



Therefore V''(0)(7r a O n ) C 7r 7 C™. Proposition 7.S follows by observing that ^'(0) is the inverse of cr(J). 



Proposition 7.5 Let e and a±, 

such that ea > on for all i. Then f a : X a 



a r be as in Proposition 7.2, and let a > 1 be a rational number 
is etale. 



Proof. Let /' £ M n (OK[Xi, . . . ,X n ]) be the Jacobian matrix of the equations (/1, . . . , f n ), let x G 
X a (fl) be a zero of det(/'), and let <p : Ol — > 0/ir a O be the associated morphism. Let 7r^ be a 
uniformizer of L and u G C£ be a unit such that 7r£ = vn. Since lp(ttlY = <p(v)ir (mod ir a ) and a > 1, 
then there exists a unit u G O* such that <p{t^l) — U7r L (mod ir a ). Since on < ea for all i, then 



O/7r a O~0O/7r2*C 



On the other hand, we have 



O 1 



^ 0/ir a O~ Coker( O™ -^l O r ' 



®0/n a O. 



Since the rank of the matrix f'(x) is < n — 1, then VL 1 0l i 0k ® v 0/n a O has a direct summand 
isomorphic to 0/ir a O. We get a contradiction with the assumption that ea > at for all i. We deduce 
that det(/'(x)) ^ for all x G X a (fi). □ 
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Proof of Theorem 7.2. The map f c : X c — » D 11 ^ is etale by Propositions 7.3 and 7.5. Let 
sp : X c — > X c be the specialization map, be the center of P"'^', A c+ = Ub> c ^ b ' an< ^ -D™'^' = 
Ub>c Dn ' {b) - Then (/ c ) _1 (0) = sp(^"(£)) ~ 7T (X C +), and by definition of c, 7r (A c+ ) ~ and 
the map f c+ : X c+ — » D™>( c +) is finite etale and geometrically totally decomposed. Thus for any 
x £ sp(J-(L)), the completion of the local ring of X c at x is isomorphic to the completion of the local 
ring ofJD">( c ) at (see § Section 6, or § Lemma 2.1). We deduce that f c : X c -> 2?">( c ) is etale 
above 0, and hence above the generic point of the closed fiber of T> n ^ c K Since X c is normal and V 1 '^ 
is regular, then by Zariski's purity theorem f c :X C ^ D">( c ) is etale. □ 

The geometric monodromy induces an 17-linear action of the inertia group G 1 on X . 

Corollary 7.6 The group G c stabilizes the (geometric) connected components of X , and the subgroup 
G c+ acts trivially on X . 

Proof. We know that G c stabilizes the geometric connected components of X c , and hence those of X . 
By Lemma [7?7] below, G c+ acts trivially on jf 1 '^ because c > 1. Let sp : X c — > X C be the specialization 



map. Since sp(J-(L)) ~ ttq(X c+ ) = T(L), then G c+ acts trivially on sp(.F(L)). Moreover the map 

X C — » p™'' c ' is etale, and each connected component of X C contains a point of sp(jF(L)). Then G c+ 
acts trivially on X . □ 

Lemma 7.7 For any rational number a > 0, i/ie geometric monodromy induces a trivial action of 
G + on T> 

Proof. Let E be a finite Galois extension of K containing an element of valuation a. We have D^ "' = 
Sp(Ae), where 

A E ={Y i a v X v £E[[X 1 ,...,X n ]]; lim |a„|0 a|l/| = 0}. 

The normalized integral model £> n 'W of D n ^ is defined over Ob, and we have £>™^ q) = Spf(A') 
where 

4' = {V fli; re4; sup|a„|6> aM < 1}. 

V 

V 

Let trtn be the maximal ideal of O. Then G 1+ = P is the kernel of the map G — > Aut(f2*/1 + mn). 
Therefore, for a £ G 1+ and a £ E — {0}, we have |er(a) — a| < |a|. The Lemma follows. □ 

Suppose further that L is a finite Galois extension of K contained in J7. Let Gl = Gal(fi/L), 
G{L/K) = G/Gl be the Galois group of L/K, and (G{L/K) a , a £ Q> ) be the quotient filtration of 
(G Q ,aeQ> ). 

Corollary 7.8 Lei H be a geometric connected component of X° and let H — > 2?"' ° be the restriction 
of f to H. Then H — ► 25 ' ' is an e'tafe Galois covering of group G{L/K) C . 

Proof. We have G(L/K) C = G c /G c n G L . Let sp:I c ^I 'be the specialization map. The group 

G c n Gl acts trivially on 25"' ° (by Lemma [7.7j) , and on sp(jF(L)) ~ 3~(E). As in the proof of 
Corollary |7.6| , we deduce that G c C\ Gl acts trivially on X C . Thus the action of G c on X C factors 
through G{L/K) C . Moreover, G(L/K) C acts transitively and freely on the fiber of H — > 25"' c above 
the origin. The Corollary follows. □ 

8 Ramification and Newton polygons 

Let /(X) = a X d + a 1 X d ~ 1 + . . . + a d £ O k [X] be a polynomial. Its Newton polygon N f : [0, d] -> 
IR U {+00} is the convex envelop of the set of points (i, for < i < d. We say that / has a 
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Newton polygon of type = do < d\ < . . . < d r = d if the slope of Nf is constant on ]di, 

The type of a Newton polygon can be described by a finite number of divisibility relations between 

monomials in the coefficients ao, . . . , ad- We denote these relations by D(do, . . . , d r ; ao, . . . , a^). 

Definition 8.1 Let A be a commutative ring and f(X) = aoX d + aiX^ 1 + . . . + a<j G A\X\ be 
a polynomial. We say that f has a Newton polygon of type [do, . . . ,d r ] if the divisibility relations 
D(do, . . . ,d r ; ao, . . . , ad) ar £ satisfied. 

Let K C L C M be finite separable extensions such that 

(a) M/K is not tamely ramified, soc = c(M/K) > 1; 

(b) Om/Ol is not etale and has degree [M : L] = p; 

(c) F C (M)^F C (L). 

We fix the presentations (by Lemma f7j]) 

Ol = OK[yi,...,yn\/(h,...,fn):=0 K [y}/(f), 
(Dm = L [x]/q(x) = K [y,x]/(f 1 ,...,f n ,g(y,x)), 

where y := (y%, . . . , y n ) and g(y, x) is a lifting of q{x) that is monogenic of degree p in x. We set 

tp : D n x D — > D n x D 
(y,x) i — > (y,g(y,x)). 

For a rational number a > 0, let X a c I?" x £> and Y a C D" be the affinoid varieties associated 
respectively with M/K and L/K and the above presentations. We have X a = ip^ 1 (Y a x D^). We 
denote by ip a : X a — > F a x Z)( a ) the restriction of 0. 

Let X°, 2)° and X^ - 1 be the normalized integral models of respectively X a , Y a and over C 
By the finiteness theorem of Grauert and Remmert, the map -0° extends to a finite map ip a : X a — » 
2J a x X>( Q ). 



Proposition 8.2 Tfte map V c : £ c -> ?) c x £> (c) «s etaZe. 



Proof. Indeed, the maps X c -> £>" +1 -( c ) and 2J C -> 2?"^ c ) are etale by Theorem ^2 



□ 



Let Z a — Y a x Z)( a ) and let Z a = 2) a x £>( a ) be its normalized integral model over O. We denote by z 
the canonical coordinate on D, and also the induced function on Z a . We put P(x) = g(y, x) G Oy« [x]. 
Then we have 

X a = Sv{0 Z a[x]/{P{x)-z)). 
Let r be the residue class of x, which is a function in O-^a. 

Theorem 8.3 The polynomial P(x + r) — z G 0^[x\ has a Newton polygon of type [0,p — l,p]. 
Moreover, P'(t)Ox" = P p ~ 1 Ox<= for an element /3 G O with v(/3) = b/p, where e^/^b = c(M/L) and 
e L/K is the ramification index of L/K. 

Proof. Let Y£ be a geometrically connected component of Y c , Z% — Y£ x , and X„ be the 

geometrically connected component of X c above it. Let K 1 be a finite separable extension of K over 
which F Q C , and X^ are defined as well as their normalized integral models 2}^, Z£ and X%. By 
Theorem 7.2, the closed fibers Z of Z% and X of X% are smooth. So they are geometrically reduced 
and irreducible because they are geometrically connected. Since ijf : X% — > Z% finite flat of degree p, 
then by Proposition [4.5| there exist a function £ on Z^ and j3 G Ok> such that (r + £)//? G O^c , and 

X^Spf(O 2 c[(r + 0//3]). 

Let 7 = (r + £)//? and let F(X) G 0,zc[X] be its characteristic polynomial. We proved in Propo- 
sition [T^ that X C Q = Spf(0zg [X]/F). Since P(^Q — z is the characteristic polynomial of r, then 
= P(fiX ~0~ z - We deduce that P^F'^) = P'{t) and 

[3 p F(X + 7) = P(/3X + r) - z. 
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Since ip c : — » Z% is etale by Proposition p73, then F' (7)0^ — Ox<= o and F(X + 7) has a Newton 
polygon of type [0,p — Therefore, f3^ r ^Ox^ = P'{t)<D%c and P(Jf + r) — z has a Newton 

polygon of type [0,p — l,p\. To see that v((3) — b/p, observe that X£ contains a point of T(M), and 
v(P'{t)) = (p - l)u(/3) is constant on F(M) equal to (p - l)6/p- □ 

Corollary 8.4 Let y £ Y c (fl) and let a be a zero of the polynomial g(y, X). Then g(y, X + a) has a 
Newton polygon of type [0,p — l,p] and slope b/p over [0,p — 1], where e^/j^b — c(M/L) and e^jx is 
the ramification index of L/K. 



Let b be as in Theorem |J, Z cb = Y c x D^ b \ U = ip' 1 {Z c ^ b ), and u : U -> Z c < b be the restriction 



of ip. We put Y c+ = [j a>c Y a , Z)( fc +) = [Ja>b D{a) > Z c+ - b+ = Y c+ x L>( b +) and U+ = i)- 1 (Z c+ ' b+ ). 

Proposition 8.5 We have 

a) b < c and X c C U C X 6 ; 

b) n {U) ~T C (L) ~T C {M); 

c) the map U + — » Z c+,6+ is finite etale and geometrically totally decomposed, and ttq(U + ) ~ J-(M). 
Proof. Let y G ^ c (^), ■) : -D 1 — * -D 1 be the map defined by the polynomial g{y,X), and a £ O 



be a zero of g(y,X). Corollary iA implies that U y — g(y, .)^ 1 (D^) — D(g{y,X)) is geometrically 
connected and g(y, .)~ 1 (D^ b+ ^) is not geometrically connected. 

a) By definition of c, the map X c+ — » V c+ x Z? c+ is finite etale and geometrically totally decom- 
posed. Therefore for any y £ Y C+ (Q), g(y, .) -1 (Z?( c+ )) is not geometrically connected. We deduce 
that b < c and X c C ?7 C X 6 . 

b) The map t/ — > F c x is finite flat, and the geometric fibers of the map U —> Y c are connected. 
Thus tt (U) ~ vr (y c ) ~ F C (L) ~ .F C (M). 

c) Let F Q C+ be a geometric connected component of Y c+ , Cq + = 1 ( Y^ 4 " x 0) , and £7+ = 1 ( ^o C+ x 

C5+ > U+ 



J o 

The map — ► V C+ is finite etale and geometrically totally decomposed. After a finite separable 
base change of K , let si, . . . , s p : Y£ + — > be the sections of pr + obtained by splitting C£ + , and let 
e = (0, 1) £ D n x D. We claim that for every 1 < i < p, the image of the open immersion 

Li : Y Q C+ x — > D n x D 
(y,z) — ► Si(y) + ze 

is contained in and is the disjoint union of the images of tj. It is enough to check the claim 
above a point y £ Y" c+ (f2), then it follows from the fact that g(y,X + a) admits a Newton polygon 
of type [0,p — l,p] and slope b/p. Moreover, the maps ip o n : F C + x — > F o c + x Z)( b+ ) are 
isomorphisms. Thus t/ + — > F c+ x D^ b+ ^ is finite etale and geometrically totally decomposed, and the 
map7To([/ + ) — » 7r (F c+ ) ispto 1. The isomorphism ■kq(U + ) ~ F{M) follows because 7r (F c+ ) ~ F{L)- 

□ 

Proposition 8.6 XTie n^zd map u : U Z c ' b is etale. 

Proof. Let g' x (Y,X) = ^g(Y,X), and let (y,x) £ U(Q.) be such that g' x (y,x) = 0. Since U C X b , 
then (y, x) defines a homomorphism of O/f-algebras 93 : Om ~* 0/ir b O, and y £ y c (il) defines a 
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homomorphism of Ok -algebras ip : Ol — * 0/tt c O such that the following diagram is commutative 



O m ^ 0/w b O 



O l ^ C/7r c O 



Let 7Tm (resp. 7Tl) be a uniformizer of Om (resp. Ol)- Since c > 1, then there is a unit v G O* 
such that iP(ttl) = v7TL(mod n c O) (see the proof of Proposition 7.5). So <p(ttl) = v7TL(mod 7r b O). We 



have u(7tl) = 1/cl/k < b = c(M/L)/e L / K because M/L is not tamely ramified so c(M/L) > 1. Let 
e = e M / L and £ G 0* M be such that 7r^ = tn L . It follows that y(7r M ) e = <^(t)i;7ri(mod 7r b 0). Thus 
vKttm) — u7TAf(mod 7r h O) for a unit u G 0*. 

We have &q m iq l — Om /tt m Om, where v(ir M ) — a/eM/K = (p — l)b/p. We deduce that 

toou/Or. ®« 0/n b Oc O/tt^-^O. 

On the other hand, we have 

n o M /o L ®v> Ofir b O ~ Coker( Q 9 ^^ O ) ® Ctyir 6 ~ O/tt 6 ©. 

We get a contradiction because 6 > 0. □ 

Let U and iJ c ' b = 2) c x X>( b ) be the normalized integral models of respectively U and Z c,b over O. 
By the finiteness theorem of Grauert and Remmert, the map u extends to a finite map u : U — ► iJ c,b . 

Theorem 8.7 Trae map w : W — > Z c,b is etaZe. 

Proof. We denote by sp : Z7 — > U and sp : Z c,b — * Z c ' b the specialization maps. We consider 
F(M) C 17(0) and T{L) C Z c - b (ft). Then sp{T{L)) ~ 7r (Z c+ ' b+ ), sp(.F(M)) ~ 7r (Z7+), and 
u-^sp^L))) = sp(Jf(M)). We have 7r (Z c +- b +) ~ .F(L), 7r (Z7+) ~ .F(M) and Z7+ -> Z c +- b + is 
finite etale and geometrically totally decomposed. We deduce that u : U — > Z c,b is etale above the 
points sp(jT(L)). Since the special fiber of Z c,b is smooth (by Theorem [7.2[ ) and each of its geometric 
connected component contains a point of sp(J-(L)), then u : W — > -E c,b is etale above the generic points 
of the special fiber of i? c ' b . Since u : J7 — » Z c ' b is etale (by Proposition |8.6|), U is normal, and -E c,b is 



regular (by Theorem |7.2[ ), then by Zariski's purity theorem u :U — > -Z c ' is etale. □ 
With the notation of the beginning of this section, we have 

U = Sp(0 Z c4x]/(P(x)-z)). 

Let r be the residue class of x, which is a function in On. 

Proposition 8.8 The polynomial P(x + t) — z G has a Newton polygon of type [0,p — l,p]. 

Moreover, P'(t)Ou = [3 p ~ 1 Ojj for an element (3 G O with v((3) = b/p, where CL/Kb — c(M/L) and 
e L/K * s the ramification index of L/K. 



Proof. Similar to the proof of Theorem |8.3| when we replace Proposition S.2 by Theorem S.7. □ 



The geometric monodromy induces an O-linear action of the inertia group G 1 onW, 2)° and T>^ \ 

Corollary 8.9 The group G c stabilizes the (geometric) connected components ofU, and the subgroup 
G c+ acts trivially onlA. 



24 



Proof. We know that G c stabilizes the geometric connected components of X c . Thus it stabilizes those 
of U because no(X c ) = ttq(U), and hence also those of U. By Corollary [fl] and Lemma 7.7, G c+ acts 

trivially on 2f x V {b) . The group G c+ acts also trivially on sp{T{M)) ~ tt (U + ) = T(M). Since the 

map U — > 2) C x D is etale and each connected component of W contains a point of sp(J-(M)), then 
G c+ acts trivially on U. □ 



By Corollary 3.4, we have a well defined X-isomorphism 

U x D^pI ► U XycU 

((y,x),z) i — ► ((y,a;),(?/,a; + z)) 

that makes (7 as a Z?( fc / p )-torsor on Y c . Th e no rmalized integral model of U x £)( b /?>) over is 
canonically isomorphic toWx J)( b /p) . Theorem 8.7 implies that the map U — > 2) c is smooth. Then the 
normalized integral model oiU XyU over is canonically isomorphic to W Xsgc Therefore, there 
is a natural isomorphism 

UxV {h l^ — >UxycU 
that makes U as a Z?( b / p )-torsor on 2) c . The induced isomorphism of special fibers 

U x V (b/p) — >U x w U (5) 

is equivariant for the geometric monodromy action of G . 



9 The logarithmic ramification filtration 

Proposition 9.1 Let L be a finite separable extension of K, and (Z,I,P) be a logarithmic system of 
generators of Ol over Ok- Let L' be a finite Galois extension of L. There exist 

(i) (Z',I',P) a logarithmic system of generators of Ol 1 over Ok such that Z D Z, so we can 
identify I with a subset of V , and P' D P. We put J = I' — I ; 

(ii) a rigid- analytic morphism ip : D 1 — ► D 1 x K D J , where the first factor is the canonical projec- 
tion; 

such that 

a) if is finite and flat of degree [L' : L] ; 

b) ip • (J-(L) x {0}) = J'(L') and ip is etale at every point in J-(L'); 

c) for any rational number a > 0, there exist positive rational numbers [a,j)jeJ such that 

J'€J 

Proof. Let L C V C L" is a tower of finite Galois extensions of L. If we prove the Proposition for 
L'/L and L"/L', then we deduce it for L"/L. Thus, we proceed by induction on [L' : L\. We may 
assume that either Oy /Ol is etale, or d = [L' : L] is prime and the residue extension L /L is purely 
inseparable because the inertia group is solvable. In both cases, the extension Ol'/Ol is monogenic 
generated by z' G Of- 

First, we assume that the ramification index of L'/L is 1. Then z' is a unit in Ol>- We take 
P = I II {z 1 } and P' = P. Let F(X') e O l [X'\ be the minimal polynomial of z' over O l , and 
F G OK[(Xi)i£i][X'] be a monic polynomial of degree [L' : L] in X' which lifts F. We easily see that 

<p: D 1 ' = D 1 x D 1 — > D 1 x D 1 

(x, x') i — > [x, F(x, x')) 
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satisfies the required properties. Indeed, Y£, P , = ip^ 1 (Y^ P x D 1 ^). 

Second, we assume that L'/L is totally ramified. Then, we may assume that z' is a uniformizer of 
L' . Let l £ P be such that z L is a uniformizer of L. Since the minimal polynomial F(X') of z' over 
Ol is Eisenstein, then there exist fly_i, . . . , Oo € Ol with u(ao) = 0, such that 

F(X') = X' d + Zl {a d -xX' d - x + . . . + oo) e 

We take J' = 711 {z'} and P' = P II {z'}. For < i < d - 1, we fix Ai £ K [(X t ) ieI ] a lifting of a t . 
We put 

ip : D 1 ' = D 1 x D 1 — ► L> 7 x D 1 

{x,x') (x.a^ + ZiE^^aOa/*) 

Properties a) and b) are clearly satisfied. For c), we claim that 

Y$, iP , = ^ x {Yz,p x D^+Ve)) ( 6 ) 

where e be the ramification index of L/K. Let ej = Ui(zi) (for i G /), and put X = (X;)j e j and 
= (Xi) ier . We fix liftings g(X) of zf/vr and of Zi/zf\ The unit z d /z t lifts to the 

polynomial h(X,X') = - Y^fZo A i (X)X'\ We choose a lifting k{X,X') of the unit zjz d . Then, 
g(X,X') = g{X)h{X,X') e is a lifting ofz de /n, and = h t (X)k(X, X') e - is a lifting of Zi/z de * 

(for i £ P). We denote by V the right hand side of (^). Obviously Y C -X^,. We prove the other 
relations. Let (x,x') £ Y(Q). We have x' d = x L (h(x,x') + 7r a *). Therefore, 

x' de = x e L (h(x,x') + TT a *) e = Tt(g(x) + ir a *)(h(x,x') +ir a *) e 
= Tv(g(x)h(x, x') e + ir a *) = irg(x, x') + ir a+1 * 

Since h(X,X')k(X,X') lifts 1, then \h(x,x')k(x,x') - 1| < 9 a . Observe that v L ,{x') = 1. Thus, 
ar t = x' d (k(x, x') + Tr a *). Then, for i £ P, we have 

Xi = x^{h i {x)+TT a *)=x /de ^k(x,x , )+7T a *) e '(h l (x) + Tr a *) 
= x' de *(k{x,x') e 'h t +7r a *) = x' de 'h l {x,x') + Tr a+e * /e * 

It follows from (Q) that Y C Y^' p>- The converse is obvious. □ 

Corollary 9.2 Lei L be a finite Galois extension of K. There exist (Z,I,P) a logarithmic system 
of generators of Ol over Ok and f : D 1 — > D 1 a rigid- analytic morphism, such that the following 
properties hold : 

(i) / is finite and fiat of degree [L : K]; 

(ii) / _1 (0) = F(L) and f is etale above 0; 

(hi) for any rational number a > 0, there exist positive rational numbers (aj)jgi such that 

Yi P = r 1 (l[D 1 ^). 

Proposition 9.3 Let K C E C L be finite separable extensions. For a real number a > 0, we put 
F? -(L)= lim J^{L) and T?+{L) = lim^ b og (L), 

0<fc<a b>a 

where b denotes a rational number. 

(i) For a rational number a > 0, the map J~(L) — * ^F\ og {L) is surjective. 

(ii) The map T{L) — > lim J-^ og (L) is bijective. 

aeQ>o 
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(iii) J-J^ (L) = ^F\ og {L) if a is rational, and (L) = Ffog(L) if a is not rational. 

(iv) The following diagram is cocartesian 



HE) 



Proof, (i) Let L'/K be a Galois closure of L/K. In the commutative diagram 



T(L<) 



■HoAL') 



f 

T{L) 



i is surjective by Corollary 9.2, and g is surjective by Proposit ion |9.l| . Thus, j is surjective. (ii) follows 
from Proposition 5.8 for r — +00. (iii) follows from Theorem 5.1 and (i). 

We prove (iv). Let L' be the Galois closure of L/E. It is enough to prove the Proposition after 
replacing L/E by L'/E. Hence, we may ass ume L/E Galois. Then, th e pr oof is similar to the proof 
of Proposition 



(iii), if we use Proposition 9.1 instead of Proposition 6.1 



□ 



Definition 9.4 Let L be a finite separable extension of K , and a > be a rational number. We say 
that the logarithmic ramification of L/K is bounded by a if the map J~(L) — > J~\ og (L) is bijective. 

Proposition 9.5 The number 

c log (L/K) = mf{a G Q >0 ;T{L) ~ ^ Q og (i)} 
is rational, and the logarithmic ramification of L/K is not bounded by c\ og (L/K). 



Proof. The same as Proposition S.4 (i) and (ii) 



□ 



9.1 Base change 

Let K' be a finite separable extension of K of ramification index m. Let L be a finite separable 
extension of K, and L' be a finite separable extension of K' , such that L C L' . 

Lemma 9.6 Let (Z,I,P) and {Z' , V , P') be logarithmic systems of generators of respectively Ol/Ok 
and Ol'/Ok'- Let a > be a rational number, and let Y£ p C D J K and Y£, p , C D l K , be the affinoid 
varieties associated respectively with Ol/Ok o-nd Ol'/Ok'- Assume that Z C Z' , so we can identify 
I with a subset of V , and that P C P' . Then the canonical projection D K , — > D K , induces a rigid- 
analytic morphism 

Yz%» — l^px* tf'. (7) 

Proof. Let x' — (xi)i e i> G Y^f a P ,(U) and put x — {xi)i e i. Obviously, we have x G X^(Vl). We prove 
the other relations. Let e be the ramification index of L/K, e' be the ramification index of L'/K', 
and r be the ramification index of L'/L. Let e\ — VL'{zi) (for i G P') and Ci — v^izi) (for i G P). We 
have re — me' and rti — e\ for i £ P. We denote by tt' a uniformizcr of K', put u — n lm /tt G O k ,, 
and fix i G P' such that z L is a uniformizer of L' . We choose g G Ok 1 [{Xi)i^i'\ a lifting of zf /tt', 
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hi £ OK<[(Xi) i( z[i} a lifting of Zi/zt* (for i £ P'), and fcj £ 0^/ [(Xj) ie //] a lifting of zf 4 / ' Zi (for i £ P'). 
Let ieP. We have x % = x r L ^{hi{x') + 7r' ma *). Hence, 

x\ = xl eei {h i {x')+'K a *) e = xT e ' ei {hi{x')+-K a *) e 

= ir' me '(g{x') + TT a *) me *(hi{x') +ir a *) e = TT e 'u^g(x') m ^hi(x') e + 7r a+e ** 

Let g € Ok [(Xj)j e /] be a lifting of zf/ir ei . Since 

i r = (4-) e ( f rr ei (— r, 

then u ei g mei hl £ CV [(Xj) ie/ /] lifts zf/7r e *. Hence |u e ^(x') mei ^(x') e < a . We deduce that 

= ir e *g(x) + ir a + e '*. Let £ P 2 . We have Xj = a;^ (hj(x') + tt q *) and < e < = x^k^x') + ir a *). 
Therefore, 

x!^ = x\ e ^{hj{x') +vr a *) e ' = s?(ifei(a/) + tt q *)^ (^-(x') + 7r a *) e * = x? ki(x'p hj(x') ei + 7r a+e<e ^ e * 
Let £ Ox-[(Xj)j e j] be a lifting of x e j jx\ 3 . Since 

4— (4§-r(^)% 

2^ *i 

then hfk? lifts xf/x?. Hence, |/ij(x') ei fci(x')^ - ^,j(x)| < We deduce that xf = x e /h it j(x) + 
7r a+e > e j/ e *. □ 

Lemma 9.7 We fix an embedding of K' in 0, and assume that the natural map Hom.K'(L' , Q) — » 
Hom^-(L,r2) is injective. For a rational number a > 0, if the logarithmic ramification of Ol/Ok is 
bounded by a, then the logarithmic ramification of Ol 1 /Ok 1 is bounded by ma. 



Proof. The same as Lemma S.5 



□ 



Proposition 9.8 Assume that K'/K is tamely ramified. Let (Lj)j e j be finite separable extensions of 
K' such that L ®k K 1 ~ Yije J ^j- The following are equivalent : 

(i) the logarithmic ramification of Ol/Ok is bounded by a; 

(ii) the logarithmic ramification of OlJOk 1 is bounded by ma for one j £ J; 
(hi) the logarithmic ramification of Ol^ /Ok is bounded by a for one j £ J. 

We prove the proposition in several steps. 

Lemma 9.9 Let E be a finite separable extension of L such that that Oe/Ol is etale. Then Propo- 
sition 9.8 holds for L/K if and only if it holds for E/K. 

Proof. Observe that the logarithmic ramification of Oe/Ok is bounded by a if and only if the loga- 
rithmic ramification of Ol/Ok is bounded by a. One implication is obvious. Let E\ be the maximal 
sub-extension of E/K such that Oe x /Ok is etale. Then E is a composed extension of L and E\. Since 
the logarithmic ramification of Oe ± /Ok is bounded by any rational number b > 0, we get the other 
implication. The Lemma follows by applying this equivalence twice (over K and over K'). □ 



Lemma 9.10 Proposition 9.S holds if Ok 1 /Ok is etale. 



Proof. (i)=>(ii) follows from Lemma gj. (iii)=>(i) is obvious. It is enough to prove that (ii)=>(iii) after 
replacing K' by a finite extensi on K" such that Ok" /Ok is etale. So, we may assume that K'/K is 
Galois of group H. By Lemma 9.9, we may assume that L contains K' . Then J = H, and for er £ H, 
L a = L equiped with the if'-algebra structure twisted by a. 
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We fix a monogenic presentation Ok 1 = Ok[X]/P, and denote by z the image of X. Let (Z = 
(zi) ie j,I,P) be a logarithmic system of generators of Ol/Ok- We may assume that there exists 
p E I — P such that z p — z. Let Ol = Oat [(^i)ie/]/ 'Iz be the presentation associated with Z. We 
have 

L a = K [(Xi) ie i}/Iz = K ,[(Xi) ieI }/(I z ,X p - <r-\z)) 

Let Y a and Y£ be the affinoid associated respectively with (Ol/Ok, Z) and (Ol„/Ok',Z). We put 
Y = Y a x K K'. Then F CT Q = Y(0- a (X p - a- 1 ^))). Let x = (xi) ieI G F(f2). Since P(X P ) e / z , then 

v(P(x p )) = Y,v(x p -a- 1 (z))>a. 

cr£G 

We deduce that there exists a unique a G G such that v(x p — a^ 1 (z)) > a. For a' ^ er, v(x p — a'^ 1 (z)) = 
0. It follows that the Y£, for er G -ff, are disjoint and cover Y. To finish the proof, observe that H 
acts naturally on Y, and permutes transitively the Y£ for a G iJ. □ 

Proof of Proposition |9.8| . There exist finite separable extensions K\/K and K[/K' with ifi C -ftTj : 

^ 





such that : a) Ok x /Ok and Ok[/ Ok 1 are et ale; b) K[ — K\ \X\/(X m — tti) where iri is a uniformizer 
of K±; and c) Oki contains a primitive m-th root of unity. By applying Lemma |9.1C| to K\/K and 
to K[/K', we are reduced to prove the Proposition under the assumption that K' — K[X]/ (X m — n) 
and Ok contains a primitive m-th root of unity. It is enough to prove that (ii)=>(iii). Let n' G Ok 1 be 
the image of X, til be a uniformizer of L and u — tt/ttl- By Lemma |9.9| , we may assume that there 
exists v G Ol such that v m = u. Therefore, 

O l ®o k O k , = L [X]/(X m - tt) = G L [X]/(X m - u-k%) * L [T]/(T m - tt£) 
Let d = (m, e), m = dm' and e = de' . We have 

{0 L ® 0K K ,}' * J] {Ol[T]/(T" 1 ' — ^1)}' — II {OL[T}/(T m ' -,r£')}' 

J] o L [T]/(r m '-7r L ) 

where {}' denotes the normalization. For £ G /i„,(0^), we put = L[T]/(T m — 7r L ) equipped with 
the morphism of X-algebras 

K' = K[X]/(X m -tt) — ► L[T]/(T m ' - ir L ) 

given by 1 n £vT e . Obviously, the extensions (L%/ K)^ epj /o K ) and (Lj / K)j £ j are all isomorphic. 
The set of isomorphism classes of the extensions (L^/ K')^ etl ta K ) is equal to the set of isomorphism 
classes of the extensions (Lj/K')j£j. 

Let (Z,I,P) be a logarithmic system of generators of Ol/Ok- We may assume that there exists 
l G P such that ttl — z L . Let Ol — 0k[(-^j)«£/]/ Iz be the presentation associated with Z. For 
£ G p, m (0 K ), we have 

o i£ = A -[(* i ) i6I ,r]/(j z ,T Tn ' 

= K '[{Xi)iel,T]/(Iz,T m ' -X,y -&T e ') 
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The image t of T in Ol ( is a uniformizer of Lf, and the ramification index of L^/K' is e'. We take 
Z' = ZU {*}, J' = 7 II {i} and P' = P II {i}. Then (Z', J', P') is a logarithmic system of generators 
for both O l JO k and O l JO k >. Let 

^ c : Y i := nr P , — Y := Y^p, x K A" 

be the morphism (Q) associated with the extensions L^/K and L^/K' . In the sequel, the variable T 
is replaced by Xt. Let g G ©^[(X^)^/] be a lifting of u G 0* L . By definition, there exist afimoid 
functions fx , . . . , f r such that 

Y - D I '(f 1: ...J r ,e- a ~ 1 (7r-g m Xr')) 
Y e = D I '(f 1 ,...,f r ,e- a - 1 / m (ir'-ZgXf)) 

Therefore, Y ? = Y(9- a - 1 / m (n' _ £ g xf)). Let x' = {x l ) ie r G y(Q) and put x = (x t ) te i- For £ ^ f ' 
in /Lt m (C_fs-), we have — £')<?(a;);rj ) = 1/m. Since 

V (vr- 3 (x)™xr')= E «K-^K')>« + L 

then, there exists a unique £ G ^(Ok) such that w(7r' — £g(x)xf ) > a + 1/m. For £' ^ £, v(ir' — 
£'g(x)x% ) = 1/m. We deduce that the Yg, for £ G ^(Ok), are disjoint and cover Y. To finish the 
proof, observe that Gal(K' / K) = Z/mZ acts naturally on Y, and permutes transitively the Yj for 



9.2 Proofs of 3.11, 3.15 and 3.16 



Theorem 3.11 Follows from Proposition 
9.3 (iii). We prove now Proposition |3. 15 



9.3 (i), (ii) and (iv). Theorem 3.16 follows from Proposition 



We omit the proof of the following easy Lemma. 



Lemma 9.11 Let L be a finite separable extension of K , (Z, I, P) be a logarithmic system of generators 
of Ol/Ok such that #P = 1, and a > be a rational number. Then, 

ra+1 C Y" C X%. 



(i) X a z v_ ± z p k_ s± z . 

(ii) if moreover Z = {x}, and x is a uniformizer of Ol, then Y z 



Z,P 



xf-\ 



Proposition 3.15-3) is a consequence of Lemma 3.7 and Propositio n |9. | . By Lemma |9.11 -(ii), and 
unramified base change, Proposition 3.15-4) reduces to Proposition 3.7-3). Proposition |3.15|T) i s a 
consequence of Lemma 9.11 -(i). We prove Proposition 3.15-2). By Propositions |3.7| T) and 3.15-1), 
we have G lo ^ D G 1+ = P, where P is the wild inertia subgroup of G. For the converse, we consider 
a tamely ramified finite extension L/K. By applying Proposition 9.8 with K' — L, we deduce that 
c iog (7/ K) = 0. □ 



A Eliminating fierce ramification 

Let L be a finite separable extension of K, 0^ G Ol be a different of Ol/Ok (i.e. a generator of the 
different defined in || III), S L G O k be a discriminant of O l /O k ( i.e. a generator of the discriminant 
defined in Jl2| III), and p SL be the inseparable degree of the residue extension L/K. 

Lemma A.l Assume sl ^ 0, and let x G L be a radicial element over K. There exists a finite 
separable extension K' of K such that 

i) 7r = 77k is a uniformizing element of Ok' 

ii) K' = K[x]; 
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Hi) for any composed extension L' of L and K' , the following inequality holds in the lexicographical 
order 

(v(5 L '),s L ,) < (v(6 L ),s L ), 

where Sl 1 G Ok 1 is a discriminant of Oh' /Ok' , and p SL ' is the inseparable degree of its residue 
extension. 

Proof. Let f{X) = X p — x p G K[X] be the minimal polynomial of x, and / 6 Ok[X] be a separable 
monic lifting of degree p e . By I Corollary 1 of Proposition 15, K' = K[X]/ f is a finite separable 
field extension of K with valuation ring Ok 1 = Ok[X]/ f, and residue field K[x]. 

Since K /K is purely inseparable, then A = Ol ®o k ®K' is a local ring. Let L' be a composed 
extension of L and K' . If Ol' ^ A, then v(5l') < v(8l) and we are done. If Ol> = A, then the 
canonical surjective map 

Z%I[j] =L[X]/(X p,! -x p °) = L[X]/(X -x) p " — >t. 

shows that l' ~ L. Therefore, sl' < sl- n 

Corollary A. 2 There exist a finite separable extension K' of K and a composed extension L' of L 
and K' , such that 

i) 7r = 77k is a uniformizing element of K' ; 

ii) L' I K' is unfiercely ramified. 

Proof. An extension L/K with v(6l) = or sl = is obviously unfierce. Since v(Sl) and Sl are 



non- negative integers, the Corollary follows by applying Lemma A.l finitely many times. □ 



Proposition A. 3 For a finite separable extension L/K of ramification index e, we have vl(^l) > 
e — 1. The equality holds if and only if L/K is tamely ramified. 

Proof. Let J = D^ 1 be the largest fractional ideal of L such that Ttl/k(J) — Ok- Then J' = Jihk is 
the largest fractional ideal such that Tr^/if (J 7 ) = xtik- Hence / = Jm/ftn^ 1 is the smallest fractional 
ideal of L satisfying Tr L / K (I) D Ok- Its inverse D' L = c) LiTi^m^, is an integral ideal. So we have the 
inequality vl > e — 1. The equality is equivalent to that Ol is the smallest fractional ideal I of L 
such that Tr£/x(-0 = Ok- Since Tt^/ k(^l) C vt\K , the equality is further equivalent to that the map 
L = Ol/v&l — * K = Ok/wk induced by Tr^/x is non trivial. The induced map is equal to e x Tr^^ 
and is non-zero if and only if e is prime to the residue characteristic and L is separable over K. □ 
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